Liver damage caused by hepatitis B virus (HBV) infections is diffuse. Live medical images and FibroScan images show that it is inhomogeneous. Modeling and interpreting such phenomena are both important for theoretical research and practical application. The cellular neural networks (CNNs) introduced by Chua and Yang can model widely observed patterns in both nonbiological and biological media. The sawtooth and rectangle (SR) CNN introduced by Chua and colleagues is able to generate SR-shaped patterns for any random-input grayscale patterns, which are also similar to some chronic HBV-infected patients' liver B-scan images. This paper will mathematically study the dynamic behaviors of the SR CNN, numerically simulate the output images of the SR CNN, and biologically interpret the relationships between the output images of the SR CNN and the patterns in HBV-infected patients' liver B-scan images. Our research results show that the SR CNN may be used as a candidate for modeling liver infections.
Introduction
Hepatitis B is one of the serious infectious diseases which threaten global human health. Two billion people have been infected with the hepatitis B virus (HBV), and no less than 240 million persons are chronically infected with HBV [1] . HBV-caused chronic infection can lead to the later development of cirrhosis of the liver or liver cancer [1] . Most chronic HBV patients need long-term therapy. After a patient's plasma HBV load has been reduced below the lower limit of detection, recovery from liver damage (assessed via medical imaging) becomes important for evaluating and predicting the efficacy of treatment. Liver medical and FibroScan images show that liver damage in chronically HBV-infected patients is inhomogeneous. The interpretation of medical images of chronic HBV patients' livers is important. To our knowledge, no models have up to now been presented to describe chronic HBV patients' liver damage.
The cellular neural network (CNN) introduced by Chua and Yang [2, 3] is a new information processing paradigm. The standard CNN consists of locally coupled matrix differential equations. Such locally coupled systems may be suitable to model biological systems consisting of homogeneous media. Chua stated that complex patterns and structures, which are widely observed in both inanimate (nonbiological) and biological media, can be modeled and studied via the CNN paradigm in an in-depth and unified way [4] . Now, the CNN and its generalization have been widely studied for practical application in image and video signal processing, robotic biological vision, higher brain functions, and cryptography [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
In his monograph on the CNN [5] , Chua invested spontaneous pattern formations with several kinds of coupled CNNs from random initial conditions. Thiran et al. [19] provided a categorization of patterns that can be formed with 3 × 3 template. They found that for the CNN with a "square cross template" 
if the template parameters satisfy the following inequalities
any initial random-state input pattern will give rise to a stable output pattern in which sawtooth and rectangle (SR) shapes coexist, which have some characteristics similar to those found in HBV-infected patients' liver B-scan images. Now, we present 3 arising problems as follows:
• Why is the CNN with the template whose parameters satisfy Inequations (2)-(4) able to generate SR-shaped patterns? • How does one define the SR-shaped patterns exactly?
• Is there some biological signification of the functions of the SR CNN?
First, this paper presents 7 definitions which describe some fundamental characteristics of the output patterns of the SR CNN. We will indicate the biological indications of these definitions. Second, we show that the template parameters of the square cross template CNN (named SR CNN) should satisfy Inequations (2)-(4). Third, the study establishes a set of theorems to show the properties of output patterns of the SR CNN. Finally, we simulate the dynamics of some SR CNNs and then compare some output patterns of the SR CNN with some people's digital liver B-scan images. The results suggest that the dynamic behaviors of some SR CNNs may provide a possible way of interpretation of HBV-infected patients' digital liver B-scan images.
The rest of this paper is organized as follows. The section entitled Sawtooth and Rectangle CNN introduces some definitions related to the behaviors of the SR CNN and describes the global task and the local rules of the SR CNN. The section entitled Mathematical Analysis establishes a group of theorems to determine the properties of the output patterns of the SR CNN. Numerical simulation examples for comparison with several HBV-infected patients' liver images are given in the next section. The final section states some conclusions. The proofs of the postulated theorems are presented in the Appendix.
Sawtooth and Rectangle CNN

Standard CNN Equation and SR CNN
The standard CNN with a 3 × 3 template is composed of a 2-dimensional M × N array of cells. Each cell is denoted by C i , j , where i = 1, 2, … , M and j = 1, 2, … , N . The dynamics of C i , j is given by Chua [5] :
,
where u i , j , x i , j , and y i , j are the input, state, and output variables of the cell, and a k , l ′ s, b k , l ′ s, and z are the elements of the A template, the B template, and the threshold, respectively. The output y i , j is the piecewise linear function given by
The state equation of the SR CNN has the form
The dynamic routes of the SR CNN are shown in Figures 1 and 2 . Since the translation term w i , j is dependent on time t , this makes the dynamic routes of the SR CNN very complex.
Some Definitions Related to SR CNN
In order to describe possible output images (stable equilibria) of the SR CNN, we introduce the following definitions [similar to 19 ]: REMARK 2. Inherent neutral pixels can be interpreted as being uncertain (infected or recovered) liver cells. DEFINITION 3. For an SR CNN, let U = ( u i , j ) M × N be a grayscale image with M × N pixels. A pixel C i , j at the ( i , j )th position with grayscale u i , j is said to be final active if there is a constant t * > 0 such that y i , j ( t ) ≡ 1, ∀ t > t * . A pixel is said to be final passive if there is a constant t * > 0 such that y i , j ( t ) ≡ -1, ∀ t > t * . A pixel C i , j is said to be final neutral if there is a constant t * > 0 such that y i , j ( t ) ∈ (-1, 1), ∀ t > t * .
REMARK 3. Final active pixels can be interpreted as liver cells finally becoming normal. Final passive pixels can be explained as liver cells finally becoming HBV infected or damaged. Final neutral pixels can be interpreted as liver cells finally becoming uncertain (infected or recovered). REMARK 4. An active (passive) network can be interpreted as some connected liver cells which will finally become normal (infected). Final neutral pixels can be interpreted as liver cells finally becoming uncertain (infected or recovered).
DEFINITION 5. A sawtooth black/white island is a sawtooth-shaped area which is composed of edge-connected black/white pixels, and every black/white pixel has at least 3 black/white neighbor pixels, 2 of them connected in a square cross way.
REMARK 5. For some initial grayscale input images, the stable output images of the SR CNN can generate sawtooth black/white islands, which can be interpreted as sawtooth-shaped normal/HBV-infected cells.
DEFINITION 6. A rectangle black/white island is a rectangle-shaped area which is composed of edge-connected black/white pixels, and every black/white pixel has at least 2 black/white neighbor pixels connected in a square cross way. REMARK 6. For some initial grayscale input images, the stable output images of the SR CNN can generate rectangle black/white islands, which can be interpreted as rectangle-shaped normal/HBV-infected cluster cells. REMARK 7. The output of an active network is a black (grayscale is +1) pattern. The output of a passive network is a white (grayscale is -1) pattern. The output of a neutral network is a gray (grayscale is in [-1, 1]) pattern.
Global Tasks and Local Rules for the SR CNN
The dynamic properties of a CNN are described via its global tasks and local rules [5] . Now, we propose the global tasks and local rules for the SR CNN. 
Mathematical Analysis
In the following discussion, we present several theorems on the properties of the output images processed by the SR CNN. THEOREM 1 
THEOREM 5. For any random initial input image, the stable output image of the SR CNN has
Numerical Simulation
In this section, we will first provide 3 experimental simulation examples in 3 initial states for designing the SR CNN. Now let us consider the following SR CNN template for simulation: 
Figure 2 a-c shows random images with 40 × 60 pixels generated via the MATLAB command 2(rand(50, 80) -0.5). Figure 2 d-f shows the corresponding output images generated via the SR CNN with Template (10) where a = 1. Figure 2 g and h shows the corresponding output images generated via the SR CNN with Template (10) where a = 0.97. The connected regions in these images are larger than the ones shown in Figure 2 d-f. Observe that although there are 3 different random images as inputs, the output images show similar SR-like patterns. Figure 3 a-f displays the digital liver tissue B-scan images of 6 individuals, which were scanned with an EUB-8500 Ultrasound Scanner. We will see that the SR CNN may simulate these images. Figure 4 a-f displays the marked insets (each 80 × 50 pixels in size) from the respective images shown in Figure 3 a-f. Liver nonuniformity is an important index for evaluating liver damage. We take the mean gray value (mean 1; 90.24) ± standard deviation (standard 1; 8.60) from the healthy person's image ( Fig. 4 a) as a threshold. If the gray value of a pixel is within the range of the threshold, this pixel is classified as normal (colored black); otherwise, it is classified as abnormal (colored white). The binary-value image obtained is shown in Figure  5 a. Observe that there are few damaged liver cells. Now let us conduct normalized processing to the other 5 images. Mean i be the mean gray level of the i-th image. Multiply a factor k i = mean 1/mean i for the gray levels of the i -th normalized image. Then use the mean ± standard deviation of the normalized image as a threshold. The binary-value images obtained are shown in Figure 5 b-f. Observe that there are many regions with tooth-shaped white patterns or rectangle-shaped white patterns. They represent abnormal liver cells. Observe that the images in Figure 5 c, e, and f are similar to the images shown as one of the candidates for modeling and interpreting HBV-infected patients' digital liver B-scan images ( Fig. 2 d-f) ; the images shown in Figure 5 b and d are similar to those shown in Figure 2 g and h. This example suggests that the SR CNN may be used as a candidate for modeling and interpreting HBV-infected patients' digital liver B-scan images. Hence Formulas (7), (8), and (9) must hold. ■ PROOF OF THEOREM 2. If there are at least 3 nearest fixed black neighbors on the nearest square cross lines, then
From Figure 1 that y i , j ( ∞ ) is gray. Similarly, we can show that if an isolated gray pixel at ( i , j ) is surrounded by white pixels, then an isolated gray pixel at ( i , j ) is surrounded by black pixels y i , j ( ∞ ) = -1.
(2) Assume that 2 isolated edge-connected gray pixels at ( i , j ) and ( i , j + 1) are surrounded by black pixels. Then w i , j > 2 c ≥ 1 -a if a < 1 or w i , j > 2 c > 0 if a = 1. In both cases, y i , j ( ∞ ) = 1. This contradicts the assumption that y i , j ( ∞ ) is gray. Similarly, we can show that if the 2 gray pixels are surrounded by white pixels, then an isolated gray pixels at ( i , j ) are surrounded by black pixels y i , j ( ∞ ) = -1. In summary, this completes the proof. ■ PROOF OF THEOREM 6.
(1) The images in Figure 7 a and b are the input image and the stable output image of an SR CNN, respectively. Observe that there is an unchanged sawtooth white island consisting of 10 cells in Figure 7 a and b. Now, we select the sawtooth white island and its surrounding cells (as shown in Fig. 7 c) . It follows for every cell C i , j in the sawtooth white island that w i , j (0) ≤ 0. Consequently, w i , j ( t ) ≤ 0. This implies that y i , j ( ∞ ) = -1. Similarly, we can show that any sawtooth black island is unchanged. This completes the proof.
(2) The images in Figure 8 a and b are the input image and the stable output image of an SR CNN, respectively. Observe that there is an unchanged rectangle white island consisting of 8 cells in Figure 8 a and b. Now, we select the rectangle white island and its surrounding cells (as shown in Fig. 8 c) . It follows for every cell C i , j in the rectangle white island that w i , j (0) ≤ 0. Consequently, w i , j ( t ) ≤ 0. This implies that y i , j ( ∞ ) = -1. Similarly, we can show that any rectangle black island is unchanged. This completes the proof. ■ 
